Abstract-Real-valued block codes are introduced, which are derived from Discrete Fourier Transforms (DFT) and Discrete Hartley Transforms (DHT). These algebraic structures are built from the eigensequences of the transforms. Generator and parity check matrices were computed for codes up to block length N=24. They can be viewed as lattices codes so the main parameters (dimension, minimal norm, area of the Voronoi region, density, and centre density) are computed. Particularly, Hamming-Hartley and Golay-Hartley block codes are presented. These codes may possibly help an efficient computation of a DHT/DFT.
. Discrete transforms have been successfully applied in error control coding schemes, both in the design of new codes and decoding algorithms [16] , [17] , [18] , [19] .
Some cryptographic systems have been devised that exploits discrete transforms [20] . The discrete multitone (DMT) systems are essentially based on DFTs [21] . A related type of modulation, the orthogonal frequency division multiplex (OFDM multicarrier systems), has been effectively applied in digital broadcast and wireless channel communication [22] , [23] , [24] . They are also a very efficient tool for spectral monitoring, therefore are extensively used in spectral managing [25] , [26] .
Eigenfunctions of discrete transforms have been one of the focus of several studies [27] , [28] , [29] . This analysis recently derived new multi-user systems [30] . This paper links the eigenvalues of discrete transforms [31] with the design of block codes defined over the field of real numbers [32] , [33] . The structure and parameters of the real codes derived from this approach are presented, and they are put on the lattice codes framework [34] , [35] , showing that discrete transforms have connection, somewhat unexpected, with lattice theory.
The codebook of these codes is simply a list of all eigensequences associated with a particular real-valued eigenvalue of the corresponding discrete transform [31] . The generator (G) and parity check (H) matrices are introduced for such codes, which play a role somewhat similar to the standard G and H matrices of block codes [36] .
The paper is organized as follows. Section II presents the major concepts and makeup of the transformed-based real block codes, with focus on the so-called Fourier codes. Section III shows several codes derived from discrete Hartley transforms (named Hartley codes). Concluding remarks are presented in Section IV.
II. ARE DISCRETE TRANSFORMS RELATED TO REAL BLOCK
is an eigensequence of the linear transform W, then its spectrum (Fourier spectrum) is given by:
The four possible eigenvalues of a DFT with blocklength N, , are only N j N   , [29] , [30] . Each one of the four eigenvalues engender a linear subspace of eigensequences of blocklength N, denoted by 
so that Here N-K=rank(
It seems appropriate to adopt a notation corresponding to the standard approach of block codes, that is,
in such a way that the generator matrix of the real code can be put under the format ] [ 
where sgn(.) is the usual signal function. F: [4, 2] 1 0
Codes conceived by this approach can be interpreted as lattice codes [37] , [35] . 
H:
Incidentally, these generator matrices corresponds exactly to the lattices D3 (checkerboard lattice) and A1, the best packing in dimension 3 and 1, respectively [34] , [35] . It seems to be appealing to make use of the unitary form of the DFT/DHT operator. However, lattice codes thus derived are tantamount to those obtained from the standard DHT. Fourier codes parameters were computed for blocklengths up to 24 and the results are summarized in Table I . The density achieved by the corresponding sphere packing is indicated. Further parameters for the Fourier Codes defined over the Euclidean space are shown in Table II , including the determinant of the Gram matrix [35] , and their centre densities. In the next section, codes derived from the discrete Hartley transform (DHT) are introduced. Long codes can easily be designed by using long blocklength discrete transforms. 
Hartley codes have dimensions given by
where k,l denotes the Kronecker symbol. It is worthwhile to remark that the "rate" K ± /N of these codes is always about a half.
It is worthwhile to mention that the lattices  and 
We have shown that this happens when N=m 2 and this is illustrated in the example in the sequel. 1 1 7 1 1], [10 1 1 1 1 1 1 1 1 1] . A glimpse on the properties of these lattices may be a bit disappointing, because they do not provide dense packings. Nonetheless, it is significant to stress at this point, that the aim of this paper is not to find dense packings or thin coverages. After all, this task is recognized as an exceptionally hard one. The aim of this paper is to launch an alternative approach for the designing of block codes over the field of real numbers. The most relevant issue here is to establish a structure in terms of eigensequences, which may possibly help an efficient computation of a DHT/DFT by partitioning the transform into "sub-transforms" defined over the invariant spaces
Long codes can easily be designed by using long blocklength discrete transforms. In spite of the fact that this paper is only a preliminary investigation on the link between discrete transforms and lattices, it opens a path for unusual applications of the lattice theory. In particular, Discrete Hartley transform matrices seem to have a strong connection with lattice construction. The structure of these codes was briefly examined, but their performance over noisy channels was not addressed [38] . For instance, for the additive white Gaussian channel not only the lattice density plays a role on the error performance, but also the number of neighbours (contact number). At any rate, it must be said that these are not codes intended for the Gaussian additive noise channel. Further transforms close related to the DHT such as the Generalized-DHT should also be scrutinized to find further lattice codes. The particular mathematical arrangement behind such codes may potentially assist the implementation of fast transforms using trellis, a topic which is currently under investigation. Finally, the search for finite groups that lie hidden in these lattices is also another subject for upcoming researches.
